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A ring R is a set, whose objects can be added and multiplied (i.e. we are

given associations (x, y)+— x + y and (x, y) > xy from pairs of elements
of R, into R), satisfying the following conditions:

RI 1. Under addition, R is an additive (abelian) group. ( W: 0)
———
RI2. For all x, y, ze R we have

Xy +z2)=xy+ xz and (y + 2)x = yx + zx. CDLWL)

RI 3. Forall x, y,z € R, we have associativity (xy)z = x(yz). GA%”C)

RI4. There exists an element ee R such that ex = xe = x for all xeR. (6:13
Vx e ooy exntt xeR bal g2 X5 Z50'% = A (44 x Come wikrso)
odonitn se Jate aue el oo B & _uw ctnpo.
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As with groups, the element e of a ring R satisfying RI 4 is unique, .Cc’
and is called the umit element of the ring. It is often denoted by 1. Note “CI
that if 1 =0 in the ring R, then R consists of 0 alone, in which case it is
calied the zero ring.

In a ring R, a number of ordinary rules of arithmetic can be deduced
from the axioms. We shall list these.

o We have Ox = 0 for all xeR.
Proof. We have
Ox +x=0x+ex=(0+ e)x =ex = x.

Hence 0x = 0.

R )Cowa\m(- .
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x=AX=0X =0 = R=
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@ We have (—e)x = —x for all xeR. [ £ € ,L"L)X = "X)

Proof.
(—e)x+x=(—e)x+ex=(—e+e)x=0x=0.

p We have (—e)(—e) = e. (A_:.-e“ Q—’L)C-L): &‘>
Proaf. We multiply the equation
e+ (—e)=10
by —e, and find
—e+(—e)l—e)=0.
Adding e to both sides yields (—e)(—e) = ¢, as desired.
@ We leave it as an exercise to prove that
(=x)y=—xy and  (—=x)(—y)=xy

for all x, yeR.

o From condition RI2, which is called the distributive law, we can de-
duce the analogous rule with several elements, namely if x, y,,....y, are
clements of the ring R, then

x(yy + -ty =Xy e+,

Similarly, if x,,...,x,, arc elements of R, then

(14 Xm) (1 Ya) =P X
Y Xy

1

s

i=1]
The sum on the right hand side is to be taken over all indices i and j as
indicated. These more general rules can be proved by induction, and we
shall omit the proofs, which are tedious.
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IDEALES

Excepto que se diga explicitamente otra cosa, de ahora en adelante, todos
los anilos seran conmutativos.
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xample 3. Let R be a ring, and a an element of R. The set of ele-

ments xa, with xe R, is a R ideal, called the principal 8B ideal gener-
ated by a. (Verify in detail that it is an@#t ideal.) We denote it by (a):{Ka—’X& K}

More generally, let a,..., a, be elements of R. The set of all elements

i (6{4,..,/%) :ixlal +...+x,.anlxhxh. JXhe@

with x;eR, is a left ideal, denoted by (a,,..., a,). We call a,,...,a, gener-
ators for this ideal.

We shall give a complete proof for this to show how casy it is, el

If yioeoisVns Xioenes x,€ R then

Z/ (xlal + -t xnan) + (ylal + o +ynan)
=Xxydy + ya; + -0+ X4, + ¥,a,
= (xl + yl)al + e+ (xn + yn)an'
If zeR, then

3) z(xa; + -+ x,a,) =zx,a; + - + 2x,4,.
Finally,
4_) 0=0a, + --- + Oa,.

This proves that the set of all elements x,a, + --- + x,a, with x;eR is an

it ideal.

Olasexvailontd 1) A=<(r) = {q_;’i—/ € A-}

2) S LTCA & un <deal 4o vOUpLca !

I=AG €]

o To{ 100 st G

cdant de ATXT. De hecho T=(X).

(Mﬂ)wwi&&'l)

poCcL %?cx) ZyRt- +aeX® = ('M'\'%X'\'""k%x“ )‘X

3 pex)e(X)























































































































































































































































































Dropmicion, 1) Todo cloal T de Z ¢ prinipal belucko
ALF (@,m’ﬁ’ohg'[‘-‘—(d),o\m\)z A gy A Wmer ek 70 2 L.
2) SLK & un utrpo , Todho leaf L de K LX) & prinupall.
De hacho) 40 T%(0), 2e ame T (X)), Azwde AX) & we
pelivemeo de Arodo mimeo . L. (Avews se
Mo Aue  daa (0) = —s0)

Dpidamd. v €
N g vQ-q%LeI/
m, &,C, v por M) aLCX),cec)/rcx)\}r&forolnﬁM‘l‘i‘_’),

Bjplos T=(aB)cZ DT,

En ‘f""t" a=Ad ;L:BA- Na,be(d)D T & (L)
Poro Pﬂf@bm Pw\‘to’- A=ma+nb (Beuwt)gde‘ﬁ (A)el
T= (ac) b)) S KTXT = T=(dW)
T=(i5,0¢2 % T=) 1 2(X4%x= X)< Xy - =0X).

on réA %Y:O‘:) m:CA' c-%-&.

okz.w\(v‘l Cavlb)

) o\(x)mco((a.cx),ux))

































Eyomplot. Bn oL amline? ohtunpolo €
LW%K%%W
=QIx)

e T=(pe QX3 =2 L= (A,%)D L=(4)
Tz x)ezxdD T4 () ¥ pede 2]

2= a4 {f(_x):iz. ®
B epedos (20 Z(po) D PO (pe)=t4 @
X <3 PCX)

©) o prode cwwm
L X=T00 2 = (a0 +ax )2 = 200+2 Y X . G4 & X, 2y impd
B topoe puads et
(2,x)= (£A)ZZLXD D AT VAKX ¥X b))
:? 4:&(%_{.“)(_‘,...) -|-X(lb‘HqX'P>% 1: 2aw) Gom Qo€ ﬁj‘(l‘)\)mfdu

'MM&M%~WW%~
Aol atlsro peickico para
MO“:WM L deusredov -



























































































































































































1= (230 1a2) = (4), A=wmcd (238 142)

= 24, 9 _
v38 Y3 Y:%o 1 ::o*:cnm.% (219149)= (1 %)

= e 36 O (R
B R L 0

= 2.3 t6 ()= L

Ak 5 (787 230750 HG13)2060)=()
- O

D= +2X5HLX 13 30- AKX x5 HOOEA=2X
T >(p5 4 ) z(cl(x\))/m .

G2 x542x 302 = ax~5) FoxZaxch
‘/2{ ° XIT2 Rt 4

X1 Xt —

L

0d) =

—_—— 9 Y5 Y“ _¥3~%.z_1x—-; ) (w/q'
Jgﬁ r2 X3 TUETX ?.(Q-OOJ (10)) <
T e x? - AXE S 2
‘%ﬁn 43X 13 _ (ncxf,v;ul)
e V. )
VaLx) — (Y204, 0/ - \
X4y Poax -1 XXX :(\fzw) =(xaxt!
- ] X+ — 3 )Sz(x‘z_‘_y-\—i
x 2 + X4 " (-.\T. (PO
zo() x LeX+ A |
XY —x2—=X—2 <=5
~N—






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































ANILLOS COCIENTE

Iﬁ mismo modo que en las teorias de espacios vectoriales y de grupos
teniamos el concepto de espacio vectorial cociente (de un espacio por un
subespacio) y de grupo cociente (de un grupo por un subgrupo normal),
en la teoria de anillos vamos a tener anillos cocientes (de un anillo por un
ideal).
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LDEALES PRIMOS Y MAXIMALES

Let R be a commutative ring. Let P be an ideal. We define P to be
a prime ideal if P # R and whenever a4, beR and abeP then aeP or 5(_—_2
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